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Abstract
Based on the extreme value theory, self-aﬃnity, and scale invariance, we studied the temporal
and spatial relationship and the variation of water level and established a model of Gumbel-Pareto distribution
for designed ﬂood calculation. The model includes the previous extreme value models, the over-threshold
data, and the fractal features shared by previous extreme value models. The model was simpliﬁed into a
logarithmic normal distribution and a Pareto distribution for speciﬁc parameter values, and was used to
calculate the designed ﬂood values for the Shanghai Wusong Station in 100- and 1 000-year return periods.
The calculated results show that the value of the designed ﬂood height calculated in the Gumbel-Pareto
distribution is between those in the Gumbel and Pearson-III distributions. The designed ﬂood values in the
100- and 1 000-year return periods of the model were 0.03% and 0.11% lower, respectively, than the Gumbel
distribution and 0.06% and 1.54% higher, respectively, than the Pearson-III distribution. Compared to the
traditional model based solely on extreme probability, the Gumbel-Pareto distribution model could better
describe the probabilistic characteristics of extreme marine elements and better use the data.
Keyword: self-aﬃnity; scale invariance; extreme value distribution

1 INTRODUCTION
Located in the coast of the East China Sea by the
Changjiang (Yangtze) River estuary, Shanghai is
aﬀected by marine environmental factors (e.g., winds,
waves, currents, tides, and typhoons). However, the
ﬂood discharge of the Changjiang River is also an
important factor on the calculation of the ﬂood level
design for Shanghai. In January 1963, the Bureau of
Municipal Construction promulgated the ﬁrst urban
ﬂood control standards that required the top elevation
of the ﬂood control walls near Huangpu Park in
Shanghai to be at least 4.94 m. In November 1974, the
Municipal Flood Control Headquarters promulgated
a new ﬂood control standard that required the defense
ﬂood volume around Huangpu Park to be 5.30 m and
the top elevation of the ﬂood control walls to be
5.80 m. On September 1, 1981, a tide with a measured
level of 5.22 m (the measured tide level at Wusong
was 5.74 m) occurred in the area of Huangpu Park.
Around 1984, the 1 000-year return period annual

extreme ﬂood volume of 5.86 m was established as
the standard for the reconstruction of the protective
walls. Within the context of a warming climate, rising
sea level, and increased frequency of tropical storms,
the Comprehensive Treatment Planning Report of
Huangpu River in Shanghai was prepared by the
Shanghai Survey and Design Institute of the Ministry
of Water Resources and Electrical Power in December
1990. It proposed that the long-term ﬂood prevention
standard of Shanghai should be raised to resist the
10 000-year return period peak ﬂood volume.
Correspondingly, the ﬂood volumes of Huangpu Park
and Wuchang Station have been set at 6.34 and
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6.81 m, respectively. However, the principal problem
in calculating the design ﬂood for a multiyear return
period is how best to infer the statistical properties of
a large-scale hydrological element, as accurately as
possible, based on the statistical properties of a smallscale hydrological element.
Traditionally, calculation of the design ﬂood of a
multiyear return period involves selecting a
probability distribution model as the probability
distribution of the annual extreme ﬂood volume,
establishing probability distribution parameters based
on the observed annual extreme ﬂood volume, and
determining the design ﬂood of a multiyear return
period based on the cumulative rate (Wang et al.,
2013, 2016; Chen et al., 2017a; Liu et al., 2018).
Examples of distribution models commonly used for
such purposes are the Gumbel, Weibull, Pearson-III,
and maximum entropy distributions (Liu et al., 2006;
Wang et al., 2017a). However, when a ﬂood volume is
greater than a certain value, the probability density
functions of the tails of these models tend to have the
form of a power function. This power function has a
fractal feature when the upper end is censored, which
means the extremal model can describe the sharp
peaks of the function well but it cannot ﬁt the tail data
(Wang et al., 2010; Wang and Wang, 2011; Liu et al.,
2015). The Pareto distribution has scale and shape
parameters, and a fractal feature when the lower end
is censored, and it ﬁts the tail data well (Chen et al.,
2017b). Unfortunately, the peak of the distribution
function does not perform satisfactorily.
The amount of observed data directly aﬀects the
accuracy of calculated hydrological parameters. What
is usually obtained is the small-scale statistical
variation rule of data due to various factors. The
ability to transform data and produce accurate
calculations in accordance with objective facts for
diﬀerent timescales requires study of the relationship
among the diﬀerent scales. Generally, large-scale
change rules are calculated from small-scale measured
data. For example, 30-year measured data can be used
to calculate a design wave height in 100-year return
period based on probability statistical analysis and
related probability models, which uses the statistical
self-aﬃnity of the changes of marine hydrological
elements. This is precisely the essential component of
fractal theory. Harold Edwin Hurst (1880–1978), a
famous hydrologist, proposed the R/S analysis method
and the Hurst exponent based on studies of problems
related to the Nile River and lakes/reservoirs, and
accordingly analyzed the long-term correlation and
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fractal features of the time series data (Hurst, 1951).
Yang et al. (2017) ﬁrst used the R/S method in trend
analysis and mutation diagnosis of a hydrological
time series of a river basin in North China, and
veriﬁed its feasibility through empirical analysis.
Currently, the concept of fractals has been abstracted
into theory (Chen et al., 2016, 2017c; Escalante et al.,
2016; Ponce-López et al., 2016; Chen and Wang,
2017; Fu et al., 2018). Research based on fractal data
analysis has shown positive results because fractal
analysis can provide a new perspective and method
with which complex systems can be studied and
analyzed, linking local details and the holistic
properties of the system (Deng et al., 2017a; Fu and
Liu, 2017; Geng et al., 2017; Zhang et al., 2017,
2018a; Jiang et al., 2017, 2018a, b).
This paper presents a model for designed ﬂood
calculation in combination with extreme value theory
and fractal theory, i.e., an extreme-value Pareto
distribution. The novelty of the model is that when the
proposed model is used to calculate a design ﬂood, it
contains the previous extremal model or overthreshold data information. Furthermore, the model
contains fractal features that were shared by extremal
models in the past. In addition, it introduces the
concepts of self-aﬃnity and scale invariance of fractal
theory, and it selects observational data with as many
statistical features as possible and applies them to the
calculation of a design ﬂood. Thus, in comparison
with the previous simplex extreme value probability
model, the proposed model describes the probabilistic
characteristics of extreme marine environmental
elements more completely, and it constitutes a new
probability distribution model that uses information
more fully.

2 HURST LAW
Morphologically, a fractal is an object for which
the integrity of the body and its parts are in some way
similar. Mathematically, a fractal is a set in which the
Hausdorﬀ dimension is strictly greater than the
topological dimension. A fractal has two key
characteristics: self-aﬃnity and scale invariance.
Deﬁnition 1: Let us assume a steady-state
incremental random process of continuous time
{X(t)}, if
X (t )= - H X ( t ), t  T ,
 >0, 0<H <1,

(1)

then, X(t) is a single fractal, where H is the Holder
index that does not change over time and does not
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include the local properties at a certain moment. The
equal sign indicates that the ﬁnite dimensional
distributions are equal.
Fractal self-aﬃnity means that the structures of
fractal objects are similar irrespective of scale. This
similarity is reﬂected between the part and the whole
system, or between any individual parts. Scale
invariance means that for any part of a fractal object,
whether reduced or enlarged, any new diagram
maintains its characteristics and properties.
The fractal dimension is an important parameter
for describing the measurement and irregularity of
fractal objects. It indicates the roughness of a fractal,
which is usually not an integer. If a fractal object is a
time series, the fractal dimension describes how
uneven the data are; if it is a space, the fractal
dimension describes how the space is ﬁlled (Mao et
al., 2016; Wang et al., 2017b).
Studies have shown that most natural phenomena
follow the ‘random walk with deviation’ law (Wang
et al., 2017a). The general expression of Hurst’s law
is as follows.
Deﬁnition 2: When a time series {x(t)}, t=1, 2,
…… is considered, for any positive integer τ, there is
empirically
(2)
R/S~τH,
where H is a constant that is located in the [0, 1]
interval, known as the Hurst exponent, and the symbol
“~” represents the direct ratio. The logarithms are
taken on both sides of Eq.2 to obtain the Hurst
exponent with the least squares’ method. Here, R and
S represent the range and the mean square deviation,
respectively, which are deﬁned as
R(τ)=maxD(t,τ)–minD(t,τ), 1tτ,

(3)

and





1
2

1 

S      t 1 x  t   x    ,
(4)


where D(t,τ) is the accumulated deviation.
According to Eqs.3 and 4, R/S is a dimensionless
empirical statistical characteristic quantity. Therefore,
the Hurst law, as expressed in Eq.2, can relate the
observation results of diﬀerent timescales.
Speciﬁcally, it can infer large-scale statistical rules
from small-scale observation results. If the Hurst
exponent values are diﬀerent, the trends corresponding
to the time series are diﬀerent. For example, when,
H=1/2, the sequence belongs to the random walk
process and the sequences are unrelated. Conversely,
when 1/2<H<1 and 0<H<1/2, the sequence trends are
2
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enhanced or diminished, respectively, i.e., the
sequences are related and belong to the random walk
with deviation process. The Hurst exponent has been
used widely in research into the measurement of
sequence correlation and trend intensity.
Deﬁnition 3: If there is a random process BH(t), it
is continuous and it meets the criterion:
BH(t)–BH(t0)~ε|t–t0|H,

(5)

where t and t0 are two diﬀerent moments, H is a
parameter, and 0≤w≤1. Then, the random process
BH(t) is called the fractional Brownian motion and the
symbol “~” represents the direct ratio.
Fractional Brownian motion is one of the Markov
random processes, which can be generated by
developing a random walk model (Li and Burgueño,
2010; Cai and Shi, 2016; Cai et al., 2016a, b, c; Barrs
and Chen, 2018; Deng et al., 2018, 2017b, c; Kang,
2018a, b). A parameter value of H=0.5 reﬂects
ordinary Brownian motion. The diﬀerence between
Brownian motion and fractional Brownian motion is
that the increment in Brownian motion is independent,
whereas the increment in fractional Brownian motion
is not.
Fractional Brownian motion is characterized by
using a statistical law of a previous moment to relate
a future changing trend (Cai et al., 2016b; Zhang et
al., 2018b). Without loss of generality, when BH(0)=0,
the relevant function c(t) is:
ct






E BH 0BH t
BH tBH 0
E BH tBH 0

2

- E BH -tBH t
E BH t



2

1 E BH -t BH t BH -tBH t
2
2
E BH t
2

2H
1 -t t -2t
2
t 2H
2H

2



2

2H

22 H 1 1.

(6)

According to the relationship between parameter H
and correlation coeﬃcient c(t), there are three types
of time series motion: (i) when H=1/2 and c(t)=0, the
sequence is independent and it is a random process
with an independent increment; (ii) when 1/2<H<1
and c(t)>0, the sequence is positively correlated; and
(iii) when 0<H<1/2 and c(t)<0, the sequence is
negatively correlated. In an empirical problem, R/S
analysis of a time series is conducted to determine
whether it belongs to fractional Brownian motion
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through the Hurst index value, and to study further the
correlation between the sequences.

3 GENERALIZED EXTREME VALUE
PARETO DISTRIBUTION MODEL
In risk assessment for ﬂood control projects in
coastal estuary cities, selecting the appropriate design
ﬂood distribution model is crucial. In this section, we
established the Gumbel-Pareto distribution (GPD),
i.e., a new model for design ﬂood calculation, and we
provided an explicit analytical expression of the GPD
for practical applications in design ﬂood projects.
Theorem: We assume random variable T is a
continuous random variable that is deﬁned in the
interval [a, b] and which uses r(t) as a probability
density function. When -≤a<b≤, x is a random
variable with f(x) as the density function, the
distribution function is F(x), and the distribution
function G(x) exists, which can be expressed as:
G  x =

- log 1 F ( x ) 



r (t )dt .

(7)

0

Proof: Alzaatreh provided a method for the
generation of a continuous probability distribution
family (Alzaatreh et al., 2013). When discussing the
distribution of random variable X, it uses random
variable T as an auxiliary variable, which shows the
inﬂuence of random variable T on random variable X.
First, the distribution function is deﬁned for a new
distribution function family:
W  F ( x )

G  x =



r (t )dt ,

(8)

a

where W(F(x)) is a function of the distribution
function F(x), which is diﬀerentiable, monotonous,
and non-decreasing with W(F(x)) [a, b]. F(x) is the
distribution function of random variable x. When x→
-, W(F(x))→a, and when x→+, W(F(x))→b. The
distribution function G(x) can be written as
G(x)=R{W(F(x))}, which is a composite function,
where R(t) is the distribution function of random
variable T. Apparently, G(x) is the distribution
function of a distribution function family, and its
density function is:
d

g  x    W  F ( x)   r W  F ( x)  ,
(9)
 dx

where the random variable X can be discrete or
continuous. Obviously, the density function r(t) of
random variable T is “transformed” into a new
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distribution function G(x) of random variable X
through the “transfer function” W(F(x)), which can be
called the “T-X” distribution. G(x) shows in diﬀerent
forms with diﬀerent W(F(x)) expressions. Without
loss of generality, assuming α=0 when the range of T
is [0, ∞), W(F(x)) can be deﬁned as -log(1–(F(x)),
F(x)/(1–F(x)), -log(1–Fα(x)) and Fα(x)/(1–Fα(x)), and
α>0.
Speciﬁcally, when W(F(x)=-log(1–(F(x))
G  x 

-log 1 F ( x ) 



r (t )dt =R -log 1  F ( x)  ,

(10)

0

where R(t) is the distribution function of random
variable T. The corresponding density function of
Eq.10 is:
g  x 



f  x

1  F  x





r -log 1  F  x   



h  x  r -log 1  F  x   ,
where h(x) is risk function of random variable X.
In the selection of diﬀerent functions according to
the actual project r(t), the corresponding g(x) can
have diﬀerent expressions.
Corollary 1: When r(t)=θe-θt, g(x)=θf(x)(1–F(x))θ–1
2
 t
t
2
Corollary2: When r t  2 e 2 ,





From Eq.7, we know that when discussing the
statistical characteristics of random variable X, it
takes random variable T as an auxiliary variable,
which can reﬂect the inﬂuence of random variable T
on the statistical characteristics of random variable X.
Corollary 3: If random variable T obeys the
generalized extreme value distribution:
-1
-1

1  
 
  t     t   
r t   exp - 1  - 1 

 

1
   1     1  
 



1

(11)

then,

-1 
   log1F ( x)   
1 f ( x)


g ( x)
exp-1
 


 1 1F ( x)  
1
 

 

-1 

   log1F ( x)   1

 ,(12)

-1



1
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where σ1 and ξ are the parameters and t≥0.
Proof: We brought Eq.11 into Eq.7 and obtained
the following:
Gx=

-1
-1

1 
 
  t     t    .
exp- 1  - 1  dt
 1    1     1  
 

 

-log1 F ( x )


0

1

The probability density function g(x) of Eq.12 was
derived from the derivation of G(x) as an explicit
expression.
Corollary 4: If random variable X obeys the Pareto
distribution f(x)=ασαx-α–1, α>0, x≥σ>0 where α is the
shape parameter and σ is the scale parameter, which is
also the threshold, Eq.12 becomes
-1


   ( log( x )- )   
 
1
 

g ( x)=  x -1 exp - 1
 
1
1
 
 
 
 



If we make α/σ1=β, Eq.13 is simpliﬁed to:
-1


x    
 
g ( x)= x exp- 1log( )  
  
 


g ( x)  b

f ( x)
exp b log 1  F  x  
1  F ( x)









exp -exp  b log 1  F ( x)   ,

(16)

where b is the parameter and t≥0. Equation 15 is
brought into Eq.10 and the derivation of G(x) is
undertaken.
Corollary 6: When random variable T is in the
Gumbel distribution and random variable X is subject
to the Pareto distribution:

  x -  
g ( x)=b x -1 exp  b log     
   






  x -   
exp   exp  b log      
   






- b

  x -b 
exp     
   


-1 b
- b
 x 
b  x 
=
exp      .
 
   
  



(17)

Deﬁnition 5: Equation 17 indicates that random
variable X obeys the GPD, which is denoted X~GPD(b,
α, σ).
The characteristics of Eq.17 under diﬀerent
parameters are shown in Figs.1–4.
According to the derivation process of the GPD
model theory, we can see that the generalized extremevalue Pareto distribution function contains the extremevalue information of the past functional models and it
combines over-threshold data, while reﬂecting the
fractal features. The Gumbel-Pareto distribution model
was applied in the engineering practice as follow.

4 EXAMPLES OF THE APPLICATION OF
THE GPD MODEL

-1

-1

1 
x    
 

1
log(
)
 
.
  
 


(14)

Deﬁnition 4: If X is a random variable subject to
the Pareto distribution, f(x)=ασαx-α–1, α>0, x≥σ>0,
Eq.14 is called the generalized extreme value Pareto
distribution, which is denoted GPD(β, σ, ξ).
Corollary 5: When random variable T is in the
Gumbel distribution:
r(t)=bexp(-bt)exp(-exp(-bt)),

then,

x
=b x -1  
 

-1

1  
   ( log( x )- )   
 
 

 
- 1
1
 
 
 
 


-1


  
 
 -1
x 1   
 x exp - 1 log( )  
1
  
 


-1


  1 
 
x 1   
(13)
- 1 log( )  .
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(15)

Most major ﬂoods in Shanghai City have been
related to storm surges under the inﬂuence of typhoons
and they tend to be accompanied by an upstream ﬂood
peak anstau. Therefore, we used ﬂood volume data
measured during 1970–1990 at the Wusong
Hydrographic Station (Shanghai) in the Changjiang
River estuary and ﬂood observation data from the
Datong Hydrographic Station 624 km upstream of
Wusong. The GPD model was used to calculate the
design ﬂood for multiyear return periods, and the
calculated results were compared with the value of
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the designed ﬂood height calculated in the Gumbel
and Pearson-III distributions.
Figures 5 and 6 show diagnostic tests of the
generalized extreme value distribution mode
including charts of probability, quantile, and return
level and a density histogram. The circles in the
ﬁgures represent data points and solid lines represent
model curves. It can be seen that the quantiles of the
observation points are in good agreement with the
model. The return level plot shows that when the
theoretical conﬁdence interval is 95%, the curve
relationship xp–-log(-log(F(xp))) is obtained by the
generalized extreme-value distribution model, which

shows the distribution of the data fully within the
conﬁdence interval. The data points in the ﬁgures are
distributed fully within the return level of the 95%
conﬁdence interval of the model. The density curve
shows the distribution of the data intuitively, in that
the observed data points (histogram) are in good
agreement with the model curve.
The results of the above diagnostic tests show that
the storm surge elevation and the corresponding
upstream ﬂood-peak anstau observation data comply
with the generalized extreme value distribution and
thus, can be used as an analysis sample of an extreme
value distribution.
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Table 1 Statistical characteristics

Table 4 K-S test of Pareto distribution

Statistical
characteristics

Storm surge
elevation

Upstream ﬂood
peak anstau

Data set

E(X)

2.410

0.163

Test value Dn

Deviation

2.382

0.198

Table 2 R/S analysis and calculation values
Storm surge elevation

Upstream ﬂood peak anstau

H

0.761

0.812

c(t)

0.431

0.517

R2

0.976

0.960

Test value Dn

Storm surge elevation

Flood

0.17

0.16

0.07

0.09

Critical value D0 (0.05)

0.23

0.25

Comparison

Dn<D0

Dn<D0

Test result

Accept

Accept

Table 5 Parameter calculation of Gumbel distribution
Data set

Table 3 K-S test of Gumbel distribution
Data set

Vol. 37

Storm surge elevation

Flood

μ

2.435 4

0.169 6

Standard deviation of μ

0.017 65

0.004 6

Storm surge elevation

Flood

σ

0.138 0

0.023 0

0.14

0.16

Standard deviation of σ

0.016 5

0.005 2

0.07

0.10

Critical value D0 (0.05)

0.22

0.27

Comparison

Dn<D0

Dn<D0

Test result

Accept

Accept

D0: the critical value of K-S test with a signiﬁcance level of 0.05.

Table 1 shows the statistical values of a storm surge
elevation and the ﬂood peak corresponding upstream
anstau time series. The distribution of the surge and
ﬂood sequences was normal and biased, with an
extended right tail. The R/S relation was obtained
using the least squares method, and the speciﬁc values
of the Hurst index H, correlation function c(t), and
correlation coeﬃcient R2 are shown in Table 2. It can
be seen that the storm surge elevation and ﬂood time
series are random processes with a certain trend. A
fractal feature analysis of the storm surge and ﬂood
time series can be conducted using the R/S method.
According to the relevance of the fractional Brownian
motion trajectories, when c(t)≥0, the closer the value
of H is to 1, and the stronger the long-range correlation
of the time series; thus, the long-term memory of the
storm surge elevation and ﬂood time series can be
obtained. In other words, if there has been a trend of
increase in the past, there will be a trend of increase in
the future. Conversely, if there has been a trend of
decrease in the past, there will be a corresponding
trend of decrease in the future. Tables 3 and 4 display
the results of the K-S tests for the Gumbel and Pareto
distributions of the storm surge elevation and
upstream ﬂood peak anstau. Tables 5 and 6 present
the parameters and interval estimates of the 95%
conﬁdence levels when using the Gumbel distribution
and Pearson-III ﬁtting of the storm surge elevation
and ﬂood sequences.

μ: the shape parameter; σ: the scale parameter of the Gumbel distribution.

Table 6 Parameter calculation of Pearson-III distribution
Data set

Storm surge elevation

Flood

a

2.403

0.101

Standard deviation of a

0.011

0.002

b

0.002

0.013

Standard deviation of b

0.001

0.001

a: the shape parameter; b: the scale parameter of the Pearson-III distribution.

The design ﬂood values for 100-, 200-, 400-, 500-,
700-, and 1 000-year return periods calculated using
the Gumbel, Pearson-III, and GPD distributions are
shown in Table 7. It can be seen that the design ﬂood
of the multiyear return period derived from the new
GPD distribution model diﬀers a little from that
derived using the common distribution. The derived
design ﬂoods are generally lower than the Gumbel
distribution and larger than the Pearson-III
distribution. Taking the 100- and 1 000-year return
periods as examples, it can be seen that the new model
is 0.06% and 1.54%, respectively, higher than the
Pearson-III distribution standard and 0.03% and
0.11%, respectively, lower than the Gumbel
distribution standard. These results show that the
proposed model based on fractal and extreme value
theories has certain value as a reference in relation to
a design ﬂood with a 100-year return period.

5 CONCLUSION
1) Based on fractal and extreme value theories, this
study proposed a design ﬂood calculation model
based on the GPD, and the related properties of the
new model were discussed.
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Table 7 Design ﬂood values for multiyear return period
Gumbel
Return period

Storm surge
elevation

Flood

100

1.599 5

200

1.930 9

400

Pearson-III
Flood volume

Storm surge
elevation

Flood

0.486 4

6.225 9

1.599 0

0.575 4

6.646 3

1.930 1

2.248 0

0.694 3

7.082 3

500

2.493 0

0.725 1

700

2.869 2

1000

3.038 4

GPD
Flood volume

Storm surge
elevation

Flood

Flood volume

0.486 0

6.225 0

1.599 3

0.486 3

6.225 6

0.570 0

6.640 1

1.930 0

0.575 1

6.645 1

2.247 0

0.694 3

7.081 3

2.247 5

0.694 2

7.081 7

7.358 1

2.487 8

0.724 7

7.352 5

2.490 0

0.724 7

7.354 7

0.800 1

7.809 3

2.849 9

0.788 0

7.777 9

2.858 7

0.788 6

7.787 3

0.869 0

8.048 7

3.037 1

0.853 8

8.030 9

3.037 5

0.868 8

8.046 3

Astronomical tide value is 4.14 m; Unit.: m.

2) For speciﬁc parameter values, the GPD
distribution was simpliﬁed into a logarithmic normal
distribution and a Pareto distribution. Therefore, the
GPD can include properties of both the Gumbel and
Pareto distributions, highlighting a primary advantage
of the new model.
3) For the calculation of a design ﬂood, analysis
methods such as fractal theory, an extreme value
model, and an over-threshold model were used.
However, many problems that will require further
study remain. For example, the ﬂood peak anstau and
the storm surge elevation were considered as
independent factors. In fact, many diﬀerent
combinations can constitute a 100-year return period.
Therefore, a multivariable joint probability under
certain controlling factor conditions will be the focus
of future research.

6 DATA AVAILABILITY STATEMENT
The datasets generated and analyzed during the
current study are available from the corresponding
author on reasonable request.
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